Controlling quantum state transfer in spin chain with the confined field 
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As a demonstration of the spectrum-parity matching condition (SPMC) for quantum state trans- 
fer, we investigate the propagation of single-magnon state in the Heisenberg chain in the confined 
external tangent magnetic field analytically and numerically. It shows that the initial Gaussian 
wave packet can be retrieved at the counterpart location near-perfectly over a longer distance if the 
dispersion relation of the system meets the SPMC approximately. 
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Transferring a quantum state or object from one place to another is an important task in quantum information 
science. Recent works find that the quantum spin chain can be used to act as "quantum data bus" to perfectlytransfer 
quantum states which has drawn the attention of quantum communication community 0, 0, 0, EJ IS IE IS 00 E3 • A 
great advantage of this approach is that no dynamical controls are needed after we prepared the quantum state (except 

CN| . for the detection of the state at the other end of spin chain) that is only the sending and the receiving parties apply 
gates to the system, but the part of the chain interconnecting them cannot be controlled during the communication 

r ^ ■ process. 

In the first proposal 1], Bose considered a regular one-dimensional spin chain with Heisenberg interactions which 
. is able to transfer quantum state over reasonable distance with the aid of distillation process. This proposal is not 
the perfect scheme to transfer quantum state due to the dispersion of the spin chain. This result in the fidelity for a 
. single-qubit state transfer becomes worse as the chain get longer. 

Since then, a number of interesting proposals are proposed for quantum communication through spin system to 
improve the fidelity of the quantum information transfer. One of them is to choose proper the modulation of the 
coupling strengths between two nearest neighbor sites as suggested in 0, H, E| • In such system, although an arbitrary 
local quantum state will spread as the time evolves, after a period of time the dispersed information will "refocus" 
at the receiving location of the chain. So perfect states transfer can be realized. Another approach is making use of 
gapped systems. The advantage of these schemes is the intermediate spins are only virtually excited. In this case, 
the two separated qubits are coupled and realized the entanglement of two point |2| . It ensures that the transfer of 
single-qubit state has a very high fidelity. 

According to quantum mechanics, perfect state transfer can be realized in many continuous and discrete systems. 
, For simplicity, we only consider a single-particle system with the usual spatial refection symmetry (SRS). The SRS 
can be expressed by [H, P] = 0, where P is the spatial refection operator and H is the Hamiltonian of the system. If 
the eigen values e n match the parities P n in the following way 
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e n = N n E ,P n = ±(-l) N ™, (f) 
any state ip(r) can evolve into the reflected state 

P<p(r) = ±^(-r) (2) 

after time r = (2n + I)7r/_E , where r is the position of sites in the lattice. Eq. Q is called the spectrum-parity 
matching condition (SPMC), which can conduct us to find various artificial solid state system transferring quantum 
states with high fidelity. It is easy to find that the model of Q corresponds to the SPMC for the simplest case N n = n. 

As analyzed above, many different schemes can realize a quantum state transfer between two parties by means of 
a spin chain: the state of the leftmost qubit is transferred to the rightmost qubit after a given time, depended on 
the dynamics of the chain, to achieve perfect state transfer over arbitrary distances. It also indicates that the revival 
period is determined by the size of the system, but not the distance between two parties. So it is necessary for us 
to find a new model to control the revival period. On the other hand, the model we considered must satisfy the 
SPMC. The previous work 10] has considered (2A*" + I)-site spin-1/2 ferromagnetic Heisenberg chain in the parabolic 
magnetic field, which is the most simple model satisfying SPMC. Inspired by this paper, it is natural for us to study 
other extension of the application of the theorem with N n ^ n. In this paper, we present a new example, based 
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on the SPMC and super-symmetry theory in quantum mechanics. The protocol we considered is a ferromagnetic 
Heisenberg chain with uniform coupling constant in an external magnetic field. It has been shown that if 

the external field is parabolic, the lower spectrum is equal-spacing, which is agood example to meet SPMC in the 
simplest case N n = n. The super-symmetry theory in quantum mechanics |13| implies that if the applied field is 
tangent-shaped, the lower spectrum should satisfy the SPMC in the case N n — n 2 . In the following sections, we will 
investigate the propagation of single-magnon state in the Heisenberg chain in the confined external tangent magnetic 
field analytically and numerically. 



THE SCHEME AND MODEL 



In general, the transfer of a qubit state from the location A to B can be regarded as the following process. The 



initial qubit state \ipA) 



1-0 A + v \®)a i s prepared at A, where |1) A and |0) A denote the two-level basis of the qubit 



at A. For a spin system, we have \1) A = \^)a an( l |0)^ = If one can find an operation Uab to realize 



U ab \tP a )=u\1) 



(3) 



where (fAB is the known phase for a given system, we say the qubit state is transferred from A to B perfectly. Bose Q 
pointed out that the operation Uab can be achieved in the qubit array by the time evolution of the system. Especially, 
the perfect state transfer can be perf ormed if the system meets the SPMC. Unfortunately, such kind of array needs 
a deliberated modulation |il lil lil for the couplings between two qubits, which is difficult to be pre-engineered in 
experiment. Nevertheless, if the transferred state is not a qubit state at a certain site but the superposition of the 
single-qubit state localized in a small range of coordinate space, e.g., a Gaussian wave packet (GWP) represented as 



\il>A) = C^exp 



f 



a 2 {i-N A f 



Mi},+Ho) 4 )ni°>, 



(4) 



where C is the normalization factor, it can be transferred to a certain position Nb near perfectly [Icij. It indicates that, 
for a spin model with the saturated ferromagnetic state • |0) • being the eigenstate, the transfer of a single-magnon 
GWP is equivalent to that of a qubit. 

In this section, we propose a model whose spectrum structure obeys the SPMC in low energy for the near perfect 
transfer of a GWP. Let us consider the Hamiltonian of (2N + l)-site spin-1/2 ferromagnetic Heisenberg chain 



N-l 



N 



H 



-j Si - s l+1 + J2 B ^ s t 



i=-N 
N-l 



--N 



J E 



^(S^S i+1 + S, t S^ +1 ) + S-S- +1 



--N 



where J > is the exchange coupling constant. The external magnetic field has the form 



B(i) = B a 



2 , , 1 

tan (irr]i) H — 



(5) 



(6) 



where Bo = 2XJtt 2 t] 2 , and L e tf = 1/rj denotes the effective length of the system, indicating the confined range of 
the single magnon. Here Sf, Sf and Sf are Pauli matrices for i-th site. Obviously, for the Hamiltonian Eq. (JHJ the 
z-component of the total spin 



S z 



N 

E 

i=-N 



Sf 



is the conservative quantity of the system, i.e. 



[H,S Z 



(7) 



(8) 



Then in the invariant subspace with the fixed S z — N — 1/2, the Ising term in the Hamiltonian J^2f = ^S z S^ +1 
just contributes a constant to the matrix of Hamiltonian, which can be neglected. With the aid of Jordan- Wigner 
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transformation .12] the single-magnon effective Hamiltonian can be expressed as a spin-less fermion lattice model with 
a tan-potential 

H eff = 51 ( a ! a *+i + h - c ) + B » E tan2 ( n Vi) (9) 

i=-N ' i=~N 

where a\ is the fermion operator at i-th site, Bq — 2\jTr 2 i] 2 and we have neglected a constant for simplicity. The 
spectrum of Eq. @ can not be solved exactly except the case of very small N. However, the corresponding continuous 
model has exact solution and can give us some implications. Actually, consider the Hamiltonian Eq. in Bq = 
case, the tight-binding spectrum is 

e fe = -2Jcosfc, (10) 

where k = mr/ (2N + 2), n = l,2,...,2N + 1. Notice that in lower energy region k ~ the spectrum is m 
— 2J(1 — A: 2 ) ~ 2Jk 2 , which is very close to that of free particle in a continuous system, i.e., E — p 2 /2m. It implies 
that for lower energy scale, the spectrum can be obtained from the corresponding continuous model approximately. 
According to quantum mechanics fl3| , the energy spectrum of the continuous model 

H con = 2Jp 2 + B tan 2 (irrjx) (11) 



E n = JttV (n 2 + Ann + C) (12) 

where 



fi = - (V8\ + 1 - lj , 



C = JttV (V8A+T-1 . (13) 



The reason to choose the tan-potential is due to its rich spectrum structure as A varies. For A = 1 , the corresponding 
energy spectrum is 

E n = ^n(n + 2)B , n= 1,2,- ■• . (14) 

which can be written as the quadratic term of (n + 1). On the other hand, when A 3> 1 is taken into account, the 
linear term becomes dominant, which corresponds to that of parabolic potential |l0|. 

In this paper, we mainly focus on the case of A = 1, since the quadratic dispersion also meet the SPMC. For a 
given L e ff — 500 as an example, the magnitude of magnetic field is Bq/X = 7.9 x 10 _5 J. The system is illustrated in 
Fig. 1. Obviously, such spectrum meets to the SPMC for the case N n = n(n + 2). According to SPMC, any initial 
state ij) (x) with dominant components in low energy scale can be evolved into ±ip (— x) at time r = 2(2n + 1)t:/Bq 
approximately. On the other hand, since the saturated ferromagnetic state . |0) ■ is the ground state of the model, 
which is unchanged during the time evolution. Then if a GWP of a single-magnon state can be transferred near 
perfectly, this model can be employed to implement quantum information transmission in solid-based device. 

In order to demonstrate the analysis of the spectrum of the system, numerical simulation is performed for the 
system with L e ff = 500. In Fig. |2J we show the numerical and analytical result of energy spacing D (n) = E n +i — E n 
(in the unit of J) as the function of energy level n. It shows that there is indeed a liner region for lower energy levels 
(about n < 80), which satisfy the SPMC approximately. So if the GWP can be expanded by the lower eigenstates 
dominantly, it can be transferred near perfectly. 



QUANTUM TRANSFER OF GWP 



In this section, we show some numerical examples of quantum state transmission in the spin chain with the uniform 
coupling strength — J < 0, controlled in the magnetic field in the form of Eq. We consider a GWP with the 
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FIG. 1: Schematic figure of the system with tan-potential B(x) = Bo tan 2 (nr)x) indicated by the curve line. The initial GWP 
localizes at the point A. After t = 2n/Bo, the state will be retrieved at B as time evolves. 
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FIG. 2: The energy spacing D(n) = E n +i — E n (in the unit of J) obtained by numerical simulation (black line) for L e ff = 500 
and Bo = 2J-K 2 jf. The red line is the plot of Eq. 1121 . It shows that at low energy region the spectrum of single magnon is 
quadratic in high accuracy. 



center at Na as the initial state at t = 0. The packet we choose must be approximately expanded by the energy 
levels, which satisfy the SPMC. 



\^(N A ,0)) = C exp 



=-JV 



-\a 2 {i-N A f 



(15) 



where \i) — Yijjti 1 0) ^ denotes the state with a single spin flip at i-th site. The factor a determines the width of 
the wave-packet, A = 2\/ln 2/a. At time t the state \i/)(Na, 0)) evolves to 

\<j>(t))=e- iH °ff t \i>(N A ,0))- (16) 
For small a, \ip(N A ,0)) can be expanded by the eigenstates \tp n ) of H e ff, which belong to the quadratic region, i.e., 

H e ff \<Pn) — E n \fn) ■ (17) 
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FIG. 3: Fidelity of the GWPs with A = 24, 18, 12, and 6 transferred over the distance of L = 2N A = 400 in the system with 
L eff = 500. 



Thus at r = 2ir/B the final state is 

W = t)) 



-iHt 



\HNa,0)) 



ip n ) (ip n \ lp(N A ,0)} 



(18) 



Since the saturated 



= ^e^" ( " +2) |^)(^|^(iVA,0)) 
n 

= P\j,(N A ,0)) 
= I^HVa.O)), 

which is the reflection counterpart of the initial one. 

As for quantum information, what we concern is the fidelity of qubit-state transmission, 
ferromagnetic state Ylj 1 0) - is the ground state of the Hamiltonian, and belongs to different subspace from the single- 
magnon state, the fidelity of quantum information is determined by the fidelity of the GWP transmission 

F(t) = | {i/j(-N Ai 0)| e^ 1 '"* \i/j(N A , 0)) | . (19) 

On the other hand, the above analytical result is obtained in an approximate manner. In order to investigate the 
accuracy of the approximation for various systems, numerical simulation is employed. For this purpose, we numerically 
solve the Schrodinger equation for the dynamical evolution and compute the fidelity of the wave-packet transmission 
from rightmost N A of the spin chain to the leftmost — N A . 

As mentioned before, the SPMC can be satisfied in the range of lower spectrum. The width of GWP A determines 
the range of the levels span its wave function, as well as the fidelity of the transmission. In other word, the smaller 
A is, the lower the fidelity will be. We consider the transmissions of the GWP with A = 24, 18, 12, and 6 over the 
distance L — 2N A — 400 in the system with L e ff — 500. The fidelities as function of time t are plotted in Fig. We 
find that the fidelities get their maxima around (2n + l)r (n = 0, 1, 2, ...), which are in agreement with the analytical 
prediction. It shows that the maximal fidelity becomes high as the width of GWP increases. Then for the scheme of 
quantum information transfer, the higher fidelity can be achieved if the GWP with A > 24 is employed. Interestingly, 
one can see that there exists a regular "noise" in the plot of the fidelity. This phenomenon is related to the fractional 
revival of the wave-packet [llj and will be discussed in the further work. 
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FIG. 4: The plot of maximal fidelity of the GWPs with A = 28, 18 transferred over the distance of L — 2L e // — 100 in the 
system with L e // S [500, 1000]. It shows that, as the effective length gets longer, the fidelity slightly decreases if the width of 
GWP is taken appropriately. 
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FIG. 5: Maximum fidelity of the GWPs with A = 24 transferred over the distance of L = 400 in the system with L e ff = 500, 
as a function of A. It indicates that A < 1 is approximately optimal. 

On the other hand, we also investigate the influence of the transfer distance to the fidelity numerically. Numerical 
simulation is performed to obtain the maximal fidelity F(t) of transmission of GWPs with A = 18 and 28 over the 
distance of L = 2Na = L e ft— 100 in the systems with L e ff e [500, 1000]. In Fig. the maximal fidelity as a function 
of the confined length L e ff is plotted. It shows that, as the effective length gets longer, the fidelity slightly decreases 
if the width of GWP is taken appropriately. It indicates that this scheme can be a good candidate to realize quantum 
information transmission in solid-based device. 

In the above we focus on the case of A = 1 due to the indication from the continuous system. A natural question 
is asked whether A — 1 is the optimal for the GWP transmission in the vicinity of 1. Numerical study has been done 
to calculate the fidelity as a function of A for the propagation of a GWP with A = 24 over the distance of 2Na = 400 
in the system with L e // = 500. The result is plotted in Fig. |5] which shows that A < 1 is approximately optimal. 



HARMONIC APPROXIMATION IN STRONG FIELD LIMIT 



All above discussions are based on the tan-potential with A = 1 and numerical result has demonstrated that it is the 
optimal potential for GWP transmission. In this section, we concentrate on another special case of strong field limit. 
From the above analysis, we know that the low spectrum for arbitrary value of A is similar to Eq. (|12|) . which is the 
combination of linear and quadratic dispersions. Obviously, it is easy to find that the linear dispersion is dominant 
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FIG. 6: The energy spectrum (in the unit of J) obtained by numerical simulation (black line) for L e fj = 500 and strong field 
with Bo — 6.33J. The red line is the plot of E' n — 0.032Jn. It shows that at low energy region the spectrum of single magnon 
is linear in high accuracy. 
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FIG. 7: Fidelity of the GWPs with (a) A = 6; (b) A = 4; 
with L e ff — 500 and Bo = 6. 33 J, as a function of time t. 



(c) A = 2, transferred over the distance of L — 120 in the system 



when we consider the strong field limit, A > 1. In other word, under the condition of the strong field limit, the 
effective spectrum for the GWP is quasi-harmonic. In this case the SPMC is also satisfied and can be employed to 
transfer quantum information In order to demonstrate the above analysis, we perform numerical simulation for 

the system with strong field Bo — 6. 33 J (or A = 8.02 x 10 5 ) and L e ff = 500. The energy spectrum of such system 
with obtained by exact diagonalization and the analytical result from the continuous system in large A limit, i.e. 

E' n = 2V2\jTr 2 T 1 2 n = 0.032 Jn, (20) 

are plotted in Fig. El It shows that the lower spectrum (about n ~ 80) is equal-spacing in high accuracy. In Fig. 
[7| we plot the fidelity as a function of time for the propagation of GWP with different half-width A = 2, 4, and 6 
over the distance of L = 120. It shows that, the quasi-harmonic potential is more appropriate to transfer wave-packet 
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FIG. 8: Fidelity of the GWPs with A = 6, transferred over the distance of (a) L - 
with L e ff = 500 and Bo = 6. 33 J, as a function of time t. 



120; (b) L = 200; (c) L = 220 in the system 



with small width and the fidelity is higher. Meanwhile the recurrent period is shorter. On the other hand, we also 
investigate the influence of the transfer distance L to the fidelity. From Fig. [SI we can see that the fidelity quickly 
decays as the transfer distance gets longer. 



CONCLUSION 



We have studied analytically and numerically, the propagation of single-magnon state in the Heisenberg chain in the 
confined external tangent magnetic field with different strength. We find that it can be a good model to demonstrate 
the SPMC for quantum state transfer in spin systems, ft is shown that the initial Gaussian wave packet can be 
retrieved at the counterpart location near-perfectly over a longer distance if the dispersion relation of the system 
meets the SPMC approximately. It also shows that the qubit array with appropriate external field is a suitable 
scheme for the task of quantum information transmission in solid-state system. 

This work is supported by the CNSF (grant No. 10474104), the National Fundamental Research Program of China 
(No. 2001CB309310). 
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